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1 Introduction 



In ly we introduced new quantum objects called quantum antibrackets, which are operator 
mappings from classical antibrackets exactly like commutators are mappings from Poisson 
brackets. Classical antibrackets were introduced in |3| and have mainly been used in 
the Lagrangian BV-quantization of gauge theories |p. Apart from providing an operator 
version of the BV-quantization Q, the quantum antibrackets have been used to give a 
new kind of quantum master equation for generalized quantum Maurer-Cartan equations 
for arbitrary open groups Q. Remarkably enough the quantum antibrackets used in these 
master equations were generalized ones, which neither satisfy the Jacobi identities nor 
Leibniz' rule. For such brackets one has to use a hierarchy of higher quantum antibrackets 
defined in a definite way. In their first form they were introduced already in which is 
valid for the restricted case when all operators commute. A more general form valid for 
operators in arbitrary involutions were given in (In it was also shown that all these 
results have, at the classical level, a dual version in terms of new types of generalized 
Poisson brackets.) In Q the quantum antibrackets were generalized to Sp(2)-brackets 
defined in analogy to the Sp(2)-antibrackets used in the Sp(2)-version of BV-quantization 
0, ^ and most of the above results were then generalized. 

Here we review these results with some natural further developments. We start from 
the most general quantum antibracket as defined in and give then systematically all 
their main properties. Finally we review the applications considered so far. The quantum 
antibrackets and their exact properties are given in sections 2 and 3, and the main part 
of the presented results are new. In section 4 we consider then the restriction to ordinary 
quantum antibrackets which satisfy all properties as required by the conventional classical 
antibrackets. In sections 5 and 6 we review the applications to BV-quantization and 
BFV-BRST quantization respectively including some new aspects. Finally, in section 7 
we give some remarks on the corresponding properties and applications of quantum Sp(2)- 
antibrackets. 



2 General quantum antibrackets 

The general quantum antibracket is defined by the expression [Q] 

if,9)Q ^ \ - [9AQ,m-^t'^'^^'^^'^) , (2.1) 

where / and g are any operators with Grassmann parities e(/) = £/ and £{g) = £g 
respectively. Q is an odd operator, e{Q) = 1. The commutators on the right-hand side is 
the graded commutator defined by 

[f.9]^f9-gf{-ir''\ V/,ff. (2.2) 



The quantum antibracket (2T) satisfies the properties: 
1) Grassmann parity 

e{{f,g)Q)=ef + eg + l. (2.3) 
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2) Symmetry 

(/,5)q = -(5,/)q(-1)(^^+')(^«+'^. (2.4) 

3) Linearity 

{f + 9,h)Q = {f,h)Q + {g,h)Q, (for £/ = e^) . (2.5) 

4) If one entry is an odd/even parameter A we have 

(/) '^)q = for any operator /. (2-6) 

All these properties agree exactly with the corresponding properties of the classical an- 
tibracket (/, g) for functions / and g. However, the classical antibracket satisfies in addition 

5) the Jacobi identities 

if,ig,h))i-l)^^f+'^(^^+'^ +cydeif,g,h) ^0, (2.7) 

6) and Leibniz' rule 

ifg, h) - fig, h) - if, /i)5(-l)-«(-'^+i) = 0. (2.8) 

These properties are not satisfied by the quantum antibracket ( |2.1| ) in its general form. 
Instead we have 

{f,ig,h)Q)Q{-l)^^f+'^(^'^+'^ + cyde{f,g,h) = 

= ^(-1)^/+^^+^'^ I ([/, [g, [h, Q^]]] + [g, [h, Q]]], Q]) (-1)^/^'^ + 

+ {[f,[h,[g,Q^]]] + l[[f,[h,[g,Q]]],Q]^ {-iy^^'f+'^^^ + cycle{f,g,h), (2.9) 

and 

if 9, h)Q - f{g, h)Q - if, /i)q5(-1)-«(-^+i) = 

= \ {[f,h][g,Q]i-ir^'-^^+') + [f,Q][g,h]i-ir^) . (2.10) 

In our previous treatments we have only considered nilpotent Q-operators which is a 
natural restriction from the point of view of BV-quantization. Here we leave Q unrestricted 
in the general treatment. One may then notice that any odd operator Q satisfies the 
algebra 

[Q, Q] = 2Q^ [Q2, Q2] = [Q^ Q] = 0, (2.11) 

which directly follows from the definition (^]^) . In terms of the quantum antibracket (|2.1| ) 
Q satisfies the algebra 

{Q, Q)q = {Q\Q^)q = {Q\ Q)q = 0. (2.12) 

Notice also the relation 

U,Q)Q = \[f,Q\ V/. (2.13) 
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A nonzero complicates some formulas. For instance, instead of (20) in we have here 



li-lff ([/, [g, Q']] + [g, [f, Q'm-lYf'A . (2.14) 
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In our derivation of the generalized Jacobi identities (p.9D we have used the relation 



(/, (g, h)Q)Q = [[/, Q], (g, h)Q]] + i[g, [/, {g, h)Q]]i-irf, (2.15) 
which directly follows from the definition (|2.1|) (further details are given below). 



3 Hierarchy of general higher order antibrackets and 
generaUzed Jacobi identities. 



Although the quantum antibracket (2J.) in its general form does not satisfy the Jacobi 
identities and Leibniz' rule, we may provide for a systematic description of its algebraic 
properties in terms of higher order quantum antibrackets. 

In [0, 1^ it was shown that higher order quantum antibrackets in terms of operators 
in involution may be defined in terms of a generating operator and that the generating 
operator determine the Jacobi identities. This construction may in fact be generalized 
to such an extent that it allows us to define general higher order quantum antibrackets 
in terms of arbitrary operators. For the general case we need then the following two 
generating operators (In refs.|]l|, ^ Q was considered to be nilpotent, = 0.) 

Q(A) = e-^Qe^, Q\X) = e'^Q^^A^ ^3^^) 
where A is an even operator defined by 

A = faW (3.2) 

where fa, a = 1,2,..., are arbitrary operators with Grassmann parities £a = ^(/a) and 
where A" are parameters with Grassmann parities e(A'*) = (In [|l| {fa} was a set of 
commuting operators.) We have the equalities 

oo oo 

Q{\) = J2Qn, Q\X) = Y.Ql (3.3) 

n=0 n=0 

where 

Qo^Q, Qn = -.[■■■ [[Q, A],---, A]n for n > 1, 

Ql^Q\ Q^^^[•••[[g^^],•••,^]nforn>l, (3.4) 

where the last index n indicates that the expression involves n commutators. We define 
the general higher order quantum antibrackets by (cf |l|) 



(/ai, • • • ,/a„)o = - (3(A) daidai ' ' ' da„ (-1)^" 



A=0 
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-Qn daida2 ■■■ da„ (-1)^" = 



fc=0 

where da=d /dX"" . This definition yields higher order quantum antibrackets for arbitrary 
operators in terms of symmetrized multiple commutators with an arbitrary odd Q: 

(fa,,..., fajQ = -^(-1)''" Et- • • ilQ^ /-l]' • • • ' /-J' (3-6) 

sym 

where the sum is over all possible orders of ai, . . . ,a„ (n! terms) with appropriate sign 
factors obtained from the corresponding reordering of the monomial A"^ • • • A'*" (this follows 
from the last equality in (3.5)). The higher antibrackets satisfy the properties 

(. . . , fa, fb, ■■■)q = -(-1)(-«+1)(-'>+1)(. ..,/,, . . .)q, 

e((/ai,/a2,---,/a„)Q) + 1- (3.7) 

To the lowest orders we get explicitly 

n = 2 : (fa, h)Q = \ ([/a, [Q, h\\ - \h, [Q, /a]](-l)(^''+^)(^^+^)) , 

n = 3: (/„/,, /,)q = 1(-1)(-"+i)(-=+i)([[[Q,/J,/,],/J(-1)-«-=+ 

D 

+ [[[Q,/c],A],/a](-l)^''(^''+^=) + cyde(a,6,c)) , (3.8) 



where the expression for n = 2 is exactly the antibracket (|2.l| ). For nilpotent Q and 
commuting operators ja^ (|3.6D reduces to the higher quantum antibrackets in [P (eq.(33)). 
If furthermore fa^ ^"^^ functions of some coordinates and Q a nilpotent differential operator 
then (|3.6| ) on unity yields the classical higher antibrackets considered in ||lO[| . 

The higher order quantum antibrackets may also be expressed recursively in terms of 
the next lower ones. The precise relations may be obtained from the recursion relation 

Q„ = ^[Q„_i,A]. (3.9) 



This inserted into (3^) yields 

(/ai) • • • ) fan)Q ~ ~ [(/qi > • • • ) /ofc-i! /afc^_i! ■ ■ ■ i fan)Q, /afc](~l) = 
" fc=l 

I IT- ^ 

~'^^[fak,{fai,---,fak-\,fak+i^---^fo,n)Q\{~^) (3.10) 



where 



Bk,n — £ak (^Qfe+i + • • • + £a„ ) + ^a^ i 



s=2[|]+l 



.=2[|]+1 
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To the lowest order we have explicitly (this expression was also given in Q) 

ifaJbJc)Q = i(-l)(-'"+i)(-^+i) ([(/„, A)Q,/J(-ir^+(^"+^)(^=+i) +cyc/e(a, 6, c)) = 
= ^(-l)(^"+i)(^^+i) {[fa, ifb, /c)q](-1)^''+^"(^^+^) + cydeia, b, c)) . (3.12) 



In order to derive generalized Jacobi identities we notice first that the definition (|2^ 
of the antibracket yields the relation (cf ( 2.15D ) 



(/aj;5 (/aij • • • ) /afc_i) fa^+it • • • i fan)Q)Q — [[/a^) Q\, {fax, ■ ■ ■ , fa^^ii fak+i^ • • • > /fln)*?] ~^ 



+ 2 ['5' [-^"fc' ^-^"1 ' • • • > /cfc-i ' /ofe+i ) • • • ) fa„)Q]{ 1)^"*= ■ 



(3.13) 



This combined with the recursion relation ( |3.10| ) implies then 

n 

5^(/afc) (/ai ) • • • ! /afc_i) fa^^i, • • • > /a„)Q)Q(~l) 



fc=l 



5^[[/fc) Qli (/ai) • • • ) /afc_i) /a^+i) • • • ) /a„)(3]( 1) 
fe=l 



■^[Q) (/ai ) ■ • • ) /a„)Q]5 

n 

I^k,n ~ ^aj. ~l" C'fc,n ~ ^aj. (^ai + • • • + ^a^._i ) + ^ ^ • 

s=2[f]+l 



(3.14) 



The first sum on the right-hand side may be expressed in terms of higher antibrackets by 
means of the identities (cf Q) 



([Q(A),Q(A)] -2Q2(A)) da,da,---dan 



A=0 



0, 



which are equivalent to 



(3.15) 



^[Qk,Qn~k] - '^Qnj daida2 ■ ■ ■ dan= 0, 
\k=0 / 



where Q„ is defined in (|3.4|). For n = 0, 1, 2, 3 we have explicitly 



n = 
n = 1 
n = 2 



[g,Q]-2Q2 = o, 

[QAQJa]]-[Q\fa]=^, 
[Q.{fa,f,)Q\-[[QJa],[QJb\] + 



+ \[[Q\ fa],f,]{-ir- + \[[Q\ A], /a](-l)^^(^"+^) = 0, 

n = 3: [g,(/a,A,/c)Q](-l)(^"+')(^=+') + 

+ {[[fa, Q], {fb, fc)Q]{-ir''+"''^ + cyde{a, b, c)) - 

sym 



(3.16) 



(3.17) 
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ni 

sym 



The first is just a trivial identity, the second is a Jacobi identity, and the third is exactly 
( p.l4D . For n > 3 ( |3.16| ) multiphed by (-1)^" becomes 

n 

~[Qi ifai, ■ ■ ■ , fan)Q] + ^ [[/(ife) Q]; (/ai , • • • , /a^.i , fa^+i ) • • • ) /an)Q](~l) + 

fc=l 

+Rn - {-lf"^,T.i- ■ ■ [[Q'ja,],fa,],- ' ' , faj = 0, (3.18) 

where 

1 ^ ^ ^ 

-Rn = 2 X! t^fc' Qn-k] dai 9a2 " ' ' 3a„ (-1)^" 
k=2 

n-2 {n,k) 

= 2 5m[(/'^i'---'/<^fc)Q'(/«fe+i'---'/'^n)QK-l)^''", FKn= Y.^'^r, (3.19) 

A:=2 sym r=l 

where (n, k) = n for A; odd, and (n, k) = k for /c even. The symmetrized smn is over 
all different orders with additional sign factors (— )^"+^"+^" where En is En for the new 
order and An from the reordering of the monomial A"^ • • • A"" . 

The expression ( ^.18|) inserted into (|3.14 ) leads then to the generalized Jacobi identities 
n n 2 

^^(/aj.5 (/aij • • • ) /afc_i) fak+x^ • • • i fan)Q)Q{~^) — 7. [Q' (/ai' • • • ) /an)Q] ~ 

fc=l ^ 

-Rn + (-1)^"^ • • [[Q'' /aJ, /a^], ' " " , /a J = (3.20) 

sym 

where Rn is the sum of commutators of antibrackets of orders between 2 and n — 2 given 
by ( p.l9| ). For n = 3 we have in particular (i?3 = 0) 

(/a,(A,/c)Q)Q(-l)(^"+')(^^+^) +cyc/e(a,6,c) = -![(/„/,, /,)q(-1)(^''+i){^^+i), Q] - 

([[[g^/,],/,],/,](-l)-«-^ + [[[Q2,/J,/5],/a](-l)^''(^"+^=) + 

+ cycle{a, b, c)) , (3-21) 
which may be rewritten as (E 



4 Ordinary quantum antibrackets 



It is natural to impose a restriction such that the quantum antibrackets satisfy the Ja- 
cobi identities (|2.7| ) and Leibniz' rule (2^). Such antibrackets we call ordinary quantum 
antibrackets. This requires of course that all higher order quantum antibrackets vanish 
(from n = 3). The precise conditions are best extracted from the explicit expressions ( |2.9| ) 



and ( p.lOl) . From ( 2.10| ) we find that the quantum antibracket (2.1) satisfies Leibniz' rule 
(P), ^.e. 



if 9, h)Q - fig, h)Q - if, /i)Q5(-l)-«(-'^+i) = 0, 



(4.1) 
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for two classes of operators: the class of commuting operators or the class of operators 
commuting with Q. Since the antibracket is zero in the latter case we consider only 
maximal sets of commuting operators denoted M. from now on. 



The Jacobi identities ( |2.7D are satisfied provided the operator Q satisfies the condition 

[/, b, [h, g2]]] + ![[/, [g^ [/,, g]]], Q] = 0, V/, g,h(^M. (4.2) 

(This condition is trivially satisfied for the class of operators commuting with Q.) First 
we notice that for the class of commuting operators, A^, the quantum antibracket ( |2.1| ) 
reduces to 

(/,5)q = [/,[Q,5]] = [[/,Q],5], V/,5€A^. (4.3) 
In order to use this expression repeatedly like in the Jacobi identities, we must require 

{f,g)Q^M, yf,geM, (4.4) 

which is equivalent to 

[f,[g,[h,Q]]]=0, yf,g,heM. (4.5) 

However, this together with ( [4.2[) requires then 

[f,[g,[h,Q^]]]=0, yf,g,heM. (4.6) 

Thus, ordinary nontrivial quantum antibrackets are defined for a class of commuting op- 
erators A4. It is naturally defined by ( [1.3| ) where Q must satisfy the conditions ( |4.5| ) and 
(0). 

In order to give explicit solutions we consider like in |5[ a supersymmetric manifold 
of dimension (2n,2n) spanned by the canonical coordinates {x'^ , x*,pa,pt}, a = 1, . . . ,n, 
with Grassmann parities Ea = e(x°) = e{pa) and e{x*) = e{p*) = + 1. Their canonical 
commutation relations have the nonzero part 

[x'',pb]=ih6l [x:,pl]=ih6l (4.7) 

Let now the class of commuting operators Ai be all functions of x° and x*. The following 



Q-operator satisfies then the conditions (4.5) and 



Q=PaP2(-ir- (4.8) 

In terms of this Q the quantum antibracket ( |2.1] ) becomes 

m-\f,g)Q = fda dtg - g da d-J{-l)^'f~^'^^'^~^'\ (4.9) 

which exactly agrees with the standard classical antibracket in which and x* are fields 
and antifields S. The Q-operator (4.8) is nilpotent (Q^ = 0). However, the Q-operator is 



not uniquely determined by the quantum antibracket. In fact, the quantum antibracket 
( [4.S| ) is also obtained from the Q-operator 

Q = PaPti-iy- +inr{x,x*)Pa{-ir'' +ihf:{x,x*)pti-iY'^+' - iinfai^.x*) 

(4.10) 
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for any functions /* and g of the commuting operators x"" and x*. (The normaHzation 
chosen in ( [4.10 ) is appropriate for appHcations to BV-quantization.) The Q-operator 
( [4.10 ) is in general not nilpotent. 

In terms of general coordinates X^, A = 1, . . . ,2n, the solution of the condition ( |4.5| ) 

is 

Q = -]^E^B{X)PBPA{-lf^ + ihF^{X)PA{-ir^ - {ihfGiX), (4.11) 

where Pa {^{Pa) = ^i^^) = ^a) is the conjugate momentum operator to X^ {[X^, Pb] = 
ihS'^). In order to also satisfy condition ( |4.6| ), must be at most quadratic in the 
conjugate momenta. This requires 

E^^dDE^^\-l)^'^+'^^^'^+^^ + cycle{A, B, C) = 0. (4.12) 



The Q-operator (4.11) inserted into ( p.l| ) for the class of operators which are functions of 
X^ yields the quantum antibracket 



m~'{f,g)Q = fdAE''''dB9, yf,geM, (4.13) 

where Oa = d/dX^. One may easily check that the Jacobi identities of ( 4.13| ) requires 
( [4. 121) ( cf Q). The operator ( [4.11| ) is hke ( [4.10|) in general not nilpotent. (In fact, ( [4.10| ) 
is ( |4.1l| ) in Darboux coordinates x"" and x*.) Notice that if Q has terms involving third or 
higher powers of Pa then even the general condition (^]^) does not allow for any solutions 
since the first term in ( [4.2| ) involves first order derivatives of /, g, h while the second term 
involves second derivatives. 



5 Operator version of BV-quantization 

The Lagrangian BV-quantization of general gauge theories is formulated within the path 
integral formulation. The classical antibrackets play a crucial role in this formulation. 
Here we show that the quantum antibrackets provide for the appropriate algebraic tools 
in a corresponding operator formulation. (These results were given in |^.) In this 
construction it is the ordinary quantum antibrackets that provide for the relevant frame- 
work. We have therefore to restrict ourselves to a maximal commuting set of operators. 
This is just a polarization into fields and their momenta. The field operators are then the 
maximal set to be chosen. The crucial ingredient in the BV-quantization is the quantum 
master equation 

Ae^^ = 0, (5.1) 
where A is an odd, second order differential operator. W is the master action. Within 



the operator formulation (5J) is replaced by 

g|W)=0, (5.2) 

where Q is the odd operator that enters the definition of the quantum antibracket. The 
BV-formulation requires Q to be 

1. maximally quadratic in the momenta 
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2. nilpotent {Cp = 0) 

3. hermitian 

4. reduce to the differential operator A in the Schrodinger picture which should have 
no ?i-dependence. 



The first and last condition requires Q to be of the form ( ^.lOD or ( 4.11 ) with ?i-independent 



functions. Starting from the general Q-operator ( [4.11 ) we find then the general hermitian, 
nilpotent solution 

Q ^ -lp-y^Pj,pE^BpBp-^lH-lf^ - {ihfGiX), (5.3) 

where p{X) is the volume density operator. Q is hermitian if p,X^,G and E^^ are 
hermitian, and Pj^ = {—IY'^Pa- The ^-dependence in Q is chosen such that 

{X\Q\W) = -{infA{X\W), (5.4) 

where 

A = Ao + G{X), Ao = ^p-^dAopE^''dB{-ir\ (5.5) 

where in turn now are classical fields. Notice that Pa = —ihp~^/'^dA o p^/^(— 1)^^ 
since the eigenstates \X) are normalized according to 

\X)piX)dX{X\ = 1. (5.6) 

The most general A-operator considered so far is Aq [0] . We do not know to what extent 
a nonzero G{X) may be used. Notice that the nilpotence of A requires Aq to be nilpotent 
and G to satisfy 

AoG = 0, Ao^{-lY^p~'[dApE'''')-GdAE'''' = 0. (5.7) 
The equivalence between {f).l\) and (5.2) follows if we choose 



= exp{^>V(X)} ^ \W) = exp{^WiX)}p^^^\0)p. (5.8) 
n n 

Notice the normalization {X\p^/'^\0)p = 1. 

The partition function Z, i.e. the path integral of the gauge fixed action, is given by 
Z = {X\W), where \W) is the master state and \X) a gauge fixing state both satisfying 
the quantum master equation (|5.2D. \W) and |Af) have the general form 



IW) = exp|^W(X)|pi/2[0)p^, |;f) =exp|-^;ft(X,A)|pi/2|0)p^, (5.9) 

where A" are Lagrange multipliers and tTq, their conjugate momenta. The vacuum state 
|0) Ptt = |0)p (Xi |0)^ satisfies Pa\0) Pn = tTq, |0) = 0. By means of the extended eigenstates 
\X,X) satisfying the completeness relations 

\X, X)p{X)dXdX{X, A| = 1, (5.10) 
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and {X,\\p^/'^\0)p^\ = 1, the partition function Z = (A'|yV) becomes explicitly 



z = (;f [w) = j p{x)dXdXexp I 



>V(X) + ^(X,A) 



(5.11) 



where W and X in the path integral denotes the master action and gauge fixing ac- 
tions, {X,X\W{X)p^/'^\0)p^x and {X, X\X{X, X)p^/'^\0)p^x respectively, which both satisfy 

. The path 



(5.12) 



the quantum master equation (|5.1|). This agrees with the results in |11 



integral ( 5.11 ) is invariant under the anticanonical transformation 



6X' 



iX'^,-W + X)p, 



where p is an odd constant. It is also invariant under changes of the gauge fixing function X 
in accordance with the general invariance of the quantum master equation. Infinitesimally 
we have invariance under 



6X = {X,f)-ihAf, 



(5.13) 



where / is an odd function. 

In order to illustrate the above generalized BV-quantization we give a detailed explicit 
treatment in terms of the Darboux coordinates x"' and x* |]l| . In the BV-quantization they 
are viewed as fields and antifields. The nilpotent and hermitian Q-operator in conventional 



BV-quantization is given by (O). Notice the relation 

{x,x*\Q\S) = -{infA{x,x*\S), 

where 

d d 



dx*^ dx* 



(5.14) 



(5.15) 



is the well-known nilpotent operator in the BV-quantization. The quantum master equa- 
tion is 



Q\S)=0 ^ Aexp<-S(x,x* 

n 



0, 



if 



15) = exp <j -S{x,x*) \ \0)pp'. 



(5.16) 



(5.17) 



The path integral of the gauge fixed action, Z, is given hy Z = {^\S), where \S) is 
the master state ( ^.17 ) and |^) a gauge fixing state also satisfying the quantum master 
equation ( 5.16| ). i.e. Ql"^) = 0. In the standard case we have explicitly 



l^-) =exp{n-2[Q,^(x)]} I0)p^*, 
where the operators have the hermiticity properties 



(5.18) 



= ^',(5.19) 
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and where the vacuum states satisfy 

Pa\Q)pp, = pj|0)pp. = 0, pa\^)px* = x:|0)p^* = 0, QlO)pp. = Q!0)p^.. = 0. 

(5.20) 

Note that S{x,x*) and ^(x) belong to the class of commuting operators. Note also that 
I*) satisfies 



{Xl - da^ix)) \^) = 0, [Pa+P%da^{x)) \^) = 0, (5.21) 

which fixes pa and x*. The explicit form of the gauge fixed partition function is then 

Z={^\S) = p,,{0\e^p{n-^[Q,^{x)]}ew{in-^S{x,x*)mpp. = 

= J DxDx*exp{ih-^S{x,x*)}6{xl-da'^ix)), (5.22) 

where the last equality is obtained by inserting the completeness relations^ 

J \x,x*)DxDx*{x,x*\ = J \x,p^)DxDp^{x,p^\ = 1, (5.23) 

and the properties 

px'{o\x,p,) = {x,x*\o)pp, = 1, {p.\x*) = {27Tn)-^-/^n''+/^ew{-ih-Y.xl}, 

(5.24) 

where n+ (?t-~) is the number of bosons (fermions) among the x° operators. Eq.( |5.22| ) 
agrees with the standard BV quantization |^. The independence of the gauge fixing 
operator \& follows from 

6Z = {^\ f\a exp{-an-^[Q,^]}h-^[Q,6'^]exp{an-^[Q,'^]}\S) =0, (5.25) 
Jo 



since \S) and |^) satisfy the master equation (5.16). 



6 Quantum antibrackets within general BFV-BRST quan- 
tization 

Within the Hamiltonian formulation of general gauge theories there are first class con- 
straints 6a = where 6a by definition are variables in arbitrary involution with respect to 
the Poisson bracket on the considered symplectic manifold, i.e. 

{9a,6b} = Uab'6,, (6.1) 



where the structure coefhcients [/^^'^ may be arbitrary functions. In |13| it was shown that 
the algebra ( |6.1| ) on a ghost extended manifold always may be embedded in one single 
real, odd function fi, the BFV-BRST charge, in such a way that {il., il.} = in terms 
of the extended Poisson bracket. The corresponding quantum theory is consistent if the 
corresponding odd, hermitian operator $7 is nilpotent, i.e. 0^ = 0. For a finite number of 



Note that for odd n the states in (p.23|), (5.24) do not have a definite Grassmann parity [|12[ 
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degrees of freedom such a solution always exists and is of the form ||TJ] (N is the rank of 
the theory and 9a are the hermitian constraint operators) 

N 

i=0 

no = C^Oa, = J7^V.:.a\+i ■ ■ ■ n.C'^>+^ • • • C^')weyU i = l,...,N, (6.3) 

where we have introduced the ghost operators and their conjugate momenta Va satis- 
fying 

[C'',Vb]=in6l (r)t=r, vl = -{-lY^Va. (6.4) 
The Grassmann parities are 

Ea = ei9a), eiC) = e{Va) =ea + l. (6.5) 

The operators in ( |6.3D , whose explicit form we do not give here, contain the 

original operators and are such that is hermitian and nilpotent. (In ( |6.3| ) the ghost 
operators are Weyl ordered which means that are all hermitian.) If the ghosts C"" are 
assigned ghost number one and Va ghost number minus one, in ( |6.2D has ghost number 
one. Notice the relation 

[GM = i^^, G = -^^{VaC'' - C^Vai-lf-) , (6.6) 
where G is the ghost charge. 



The BRST charge ( |6.2D -( |0[ ) is the BRST charge in the minimal sector. In order to 
construct gauge fixed theories in the most general way we need to extend the manifold 
further with Lagrange multipliers and antighosts. The complete BRST charge Q, which 
also is hermitian and nilpotent, contains Vt and additional terms involving the Lagrange 



multipliers and antighosts |14]. The gauge fixing is then performed by means of an odd 
operator ^ such that the effective gauge fixed Hamiltonian contains the operator [Q, ^ 
seems always possible to be chosen to be nilpotent in such a way that it may be identified 



with a coBRST charge |16] 



6.1 Equations of motion in terms of antibrackets 

The equations of motion in a gauge fixed theory is determined by an effective Hamiltonian 
operator of the form H = Ti. + {iti)~^[Q, ^] where Ti. commutes with Q. Now any gauge 
theory may be expressed in terms of an equivalent reparametrization invariant theory in 
which the Hamiltonian is of the form H = {ih)^^[Q, ^] where the new Q contains a term 
with a new ghost multiplying the constraint variable Pq + Ti, where Pq is the conjugate 
momentum to time, and where the new gauge fixing fermion ^ has a corresponding new 
gauge fixing term. The effective equations of motion becomes then 

A={ih)-'[A,H] = {ih)-^[A,[Q,-^]] = {ih)-\A,^)Q - {ih)-^^[Q,[<f,A]], 

(6.7) 
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where the quantum antibracket is the general one defined by ( |2.1D . The last equality 
implies 

{cP\(^{infA-{A,^)Q^\cP') = 0, (6.8) 

where {(j)') are physical states annihilated by Q. The equation of motion ( |6.7| ) may also 
be expressed entirely in terms of antibrackets if we make use of the symmetric combination 
of both Q- and ^'-antibrackets. We have the relation 

{ihfA = [A, [Q, n = I [{A, + {A, Q)*) . (6.9) 



6.2 Quantum master equation for generalized Maurer-Cartan equations. 

In Q we proposed a quantum master equation for generalized Maurer-Cartan equations of 
operators in arbitrary involutions. Such operators are encoded in the hermitian, nilpotent 
BFV-BRST charge operator, which in the minimal sector is given by Q in ( |6.2| )-( ]oD . 
Finite group transformations on operators are determined by the Lie equations 

^(0) Va= A{ct)) da -{inr^[A{cl)),Yam = 0, (6.10) 

where da is a derivative with respect to the parameter 0", e(0°) = Sa- [(j)"' may also be 
viewed as a new set of commuting operators.) On states the corresponding Lie equations 
are 



{A{<j))\ Da= {A{<P)\ (l)a -{ih)-'Ya{4>)^ = 0. (6.11) 



The operator Ya in both these relations depends on (p"" and must satisfy the integrability 
conditions 

Ya K -Y, da (-1)^"^" = {in)-\Ya,Yf,l (6.12) 

which in turn are integrable without further conditions. In order for the Lie equations 
( 16.101 ) to be connected to the integration of the quantum involution encoded in fi, Ya{(t)) 
has to be of the form 

y^(0) = A^(</>)6lb(-l)^"+^'' + {possible ghost dependent terms}, A^(0) = 5^(6.13) 

where AJ^((/>) are operators in general. One may note that in a ghost independent scheme 
the generators of the finite transformations are Oa- However, within our BRST framework, 
[Jlj'Pa] = {ghost dependent terms}, are the appropriate generators which motivates the 



form (6.13). Here we take one step further and define Ya to be of the general form 

y„((/.) = iiny^n, ^am, e{Qa) = + 1, (e.u) 

where Ya has ghost number zero and ^la ghost number minus one. This form implies 
that [Ya{<i)),n] = 0, so that if [A{0),n] = then [A((/)),Q] = 0, i.e. a BRST invariant 
operator remains BRST invariant when transformed according to ( |6.10 ). Equations ( 6.13| ) 



and ( |6.14| ) together with (|6.2| ) and ( |6.3| ) imply that Qa in ( 6.14 ) must be of the form 



n^((f)) = Xl{(p)'Pb + {possible ghost dependent terms}, A^(0) = 6a. (6.15) 
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One may note that the Lie equations ( |6.1[1| ) also may be defined in terms antibrackets. 
From ( |6.7| ) we have 

A{(p) da -(in)-\A,^^)^ - {in)-^]^[[A,n^]M{-^Y" = o, (e.ie) 

where we have introduced the general quantum antibracket defined in accordance with 
(p.lj). The integrabihty condition ( |6.12| ) for Ya leads by means of to the following 

equivalent equation for 

S -^b da {-If'^'^ = {in)-\Qa,n,h " ^{ih)~\Qab, (6.17) 

which also involves the antibracket in ( 6.16| ). Due to the form ( |6.15| ) of rj^, eq.(S.17) 
are generalized Maurer-Cartan equations for Xa{(p)- The integrabihty conditions of ( S.17 ) 
lead to equivalent first order equations for Qab and so on. Thus, Ya is replaced by a whole 
set of operators, and the integrabihty conditions ( 6.12 ) for Ya are replaced by a whole set 
of integrabihty conditions. 

In we proposed that all these integrabihty conditions are embedded in one single 
quantum master equation given by 

iS,S)A = in[A,S], (6.18) 

where A is an extended nilpotent BFV-BRST charge given by 

A = n + 7]'^TTai-iy^, A2 = 0, [r,7rb]=in5l (6.19) 

where in turn Tr^ are conjugate momenta to 0", now turned into operators, and r]"', e{r]"') = 
Ea + 1, are new ghost variables to be treated as parameters. The operator S{(f),rj) in the 
master equation ( 6.18| ) is an even operator defined by 

S{(t>, ri) = G + v^na{(t>) + ^ri'rj^nabm-ir + 
+ Wr?«0,fe,((/>)(-l)^''+^'^^^ + ... 

n! 

En = ^ £a2fc + ^ ^a2k-i^a2k+i: (6.20) 
k=l k=l 



where G is the ghost charge operator in ( |6.6| ). (In |Q] we made another choice for e„.) The 
operators Qai--an{4') in ( |6.20| ) satisfy the properties 

e{na^...aj = Sa^ + . . . + ea„ +n, [G, -an] = -m^f^ai-a„ . (6.21) 

The last relation implies that ^}ai-- a„ has ghost number minus n. If we assign ghost 
number one to r/" then A has ghost number one and 5 has ghost number zero. Our main 
conjecture is that the operators r2ai-- a„(0) in ( |6.20| ) may be identified with Qab in 
( |6.17 ) and all the Jl's in their integrabihty conditions in a particular manner. 

The antibracket {S,S)a in ( |6.18D is the quantum antibracket defined by (2T) with Q 
replaced by A. Thus, we have 

{S,S)a^[[S,A],S]. (6.22) 
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By means of this relation it is easily seen that the consistency of ( |6.18|) requires [A, S] to 
be nilpotent. We have 



[A,{S,S)a]=0 ^ [A,Sf 
The explicit form of [S, A] is to the lowest orders in 77" 



0. 



(6.23) 



[s, A] = mn + r,^[na, n] + 7?Vs^a ihi-iy^ + ^v'v^i^ab, m-iy^ + 



1 



br^o, r 



2 



+ 0(7]^). (6.24) 



To zeroth and first order in 77" the master equation ( |6.18 ) is satisfied identically. However, 
to second order in 77" it yields exactly ( |6.17| ). At third order in t]"" it yields 

danU-lY"'' + ^iin)-\Qa, ^bcM-lY'''^ + cydeia, 6, c) = 



Kbc = ^abc - I {{in)-'[nab, ^cK-lY"'^ + cyde{a, b,c)], (6.25) 



where we have introduced the higher quantum antibracket of order 3 defined by ( |3.6| ) and 
explicitly given by ( p.S| ) with Q replaced by fi. 

Comparing equation ( |6.25| ) and the integrability conditions of ( |6.17 ) we find exact 
agreement. We have also checked that the consistency condition ( |6.23 ) yields exactly 
( |6.12|) to second order in r/", which is consistent with ( 6.17| ) as it should. Similarly we 
have checked that ( |6.23| ) to third order in yields a condition which is consistent with 
( |6.25 ), exactly like ( |6.12D is consistent with ( |6.17 ). 

The master equation (|6.18| ) yields at higher orders in rj"' equations involving still higher 
quantum fi-antibrackets defined by ( p.6D and operators ^abc... with still more indices. We 
conjecture that these equations agree exactly with the integrability conditions of ( |6.25| ). 
For a rank-A^ theory we expect that there exists a solution of the form ( 6.20| ) to the master 
equation ( |6.18D , which terminates just at the maximal order rj^ . In the appendix we treat 
quasigroup first rank theories in detail. 

We end this subsection with some transformation formulas of the master equation 
( |6.18 ) 1^. Let us define the transformed operators S{a) and A(a) by 



S{a) = e>^5e-t"^, A(a) = ei"^Ae-i°^, 



(6.26) 



where a is a parameter and F an arbitrary even operator. If S and A satisfy the master 
equation ( 6.1^ ) then S{a) and A(a) satisfy the transformed master equation 



{S{a),S{a))A(a) = ifi[A{a),S{a)]. 
If F in ( 6.26 ) is restricted to satisfy the master equation (|6.18| ), i.e. 

{F,F)A=ih[A,F], 



then A (a) in ( 6.26 ) reduces to 

A(a) = A + (in)-i[A,F](l-e-"). 



(6.27) 

(6.28) 
(6.29) 
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(Notice that (|6.2g| ) implies A"(a) + A'(a) = 0.) For F = S we have in particular that S 
satisfies the master equation ( |6.18| ) with A replaced by A (a) in (6.29) where F is replaced 
by S. 

There are also transformations on S leaving A unaffected for which the master equation 
( |6.18|) is invariant. The natural automorphism of (6.18) is 



S' = exp S^-{ih)-^[A, ^^Sexp S^{ihy'^[A, ^]|, (6.30) 
where ^ is an arbitrary odd operator. It is easily seen that S' also satisfies the master 



equation (|6.1q ). For infinitesimal transformations we have 

6s = iihr^[s, [A,n, 

S21S = - 6162)8 = {in)-^[s, [A, ^21]], 

^'21 = («/i)"^(*2,^'l)A. 



(6.31) 



Analogously to the equivalent forms of the general equations of motion in ( O ) and (|6 
we have also 



6S = {^h)-'(^iS,^)A-\[A,[^,S]] 



(i?i)-2- (S,M')a + (5,A)„ 



(6.32) 



If the transformation ( |6.30| ) connects any solutions of the master equation ( 6.1^ ) then 
the general solution is 

S = exp I -(i^)-^ [A, ^ijcexp |(i?i)-2[A, ^]|, (6.33) 

where ^ depends on all variables including 0" and 77" but not on VTa. ^ is only required 
to have total ghost number minus one since S has total ghost number zero. The explicit 
form ( 6.20D of 5* is then reproduced. Notice that = G is a trivial solution of the master 
equation ( 6.1^ ). 



We would also like to mention that there is a possibility to extend the formalism to 
ry-dependent states and operators which satisfy the Lie equations ( 6.1C| )-( |6TT ) with the 
ry-dependent connections YaifpiV) = (^^)^^ ^a(</'5 f/)] where Cla{(j),ri) is determined by 
the equation 



Sda -{ih)-^[S,Ya]=0- 

These ry-extended states, \A), and operators, A, satisfy the equations 

S\A) = ihgh{\A))\A), [S, A] = ingh{A)A, 



where |^) = | A) 



Tl=0 



and A = A 



7?=0 



The details will be given elsewhere. 



(6.34) 



(6.35) 
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7 Generalization to the Sp(2)-case 



There is an Sp(2)-extended version of BV-quantization ^ which in its most general form 
is cahed triplectic quantization Q . In this formahsm there are two generalized antibrackets 
which are called Sp(2)-antibrackets. Also these brackets may be mapped on operators. 
The quantum Sp(2)-antibrackets are defined by ||l|, ^ (a, 6, c, . . . = 1,2, are 5p(2)-indices 
which are raised (and lowered) by the Sp(2) metric e"* i^ab)) 

U.gTQ ^ \ ([/, [Q^g]] - [5, [Q\ /]](-i)(^/+i)(^«+i)) , (7.1) 

where are two odd operators. The corresponding classical antibrackets satisfy the 
properties ( |2.3D -(^) except that the Jacobi identities are valid for symmetrized Sp(2)- 
indices. The quantum Sp(2)-antibrackets ( |7. l]) satisfy ( |2.3| )-( |2^) . However, instead of the 
Jacobi identities we have 

(/,(g,/i)^'')g(-l)(^/+i)(^''+i) +C2/de(/,5,/i) = 

= i(-i)-/+-«+-'^ I {[f, [g, [h, [Q^ Q^]]]] + [5, [K qHiq'^]) {-irf'^+ 

+ ([/, [K b, [Q^ Q'm + \[[f, [K b, QHiQ'^\) (-i)^''(^/+^^)} + cyc/e(/, 5, 

(7.2) 

and instead of Leibniz' rule we have 

(/5, hfQ - f{g, hfQ - (/, /,)^g(-l)-«(^'^+i) = 

= \ ([/,/i]b,Q1(-l)^'^(^«+'^ + [/,Q1[5,/i](-l)^«) . (7.3) 
The relation ( 2.13| ) generalizes e.g. to 

(/,Qh'^ = ^[/,[Q",Q']]. (7.4) 



Higher order quantum Sp(2)-antibrackets are defined by ( |3.5[ ) with Q replaced by Q°' . The 
properties (|3.6| )- (|3.12| ) are then valid by the same replacement. The relations ( 3.13 )-( ^T4 ) 
are valid with two Sp(2)-indices. To obtain the generalized Jacobi identities we need the 
corresponding identities to ( 3.15| ). However, since they involve the trivial equalities 

[e-^Q'^e^, e-^Q^'e^] - e-^[Q\ Q^]e^ = 0, (7.5) 

which are symmetric in the Sp(2)-indices, the generalized Jacobi identities corresponding 
to ( 3.2C| ) will also be symmetric in the Sp(2)-indices. Corresponding to the treatment 
in section 4 we may also define ordinary quantum Sp(2)-antibrackets by a restriction to 
a maximal set of commuting operators. If these operators are functions of commuting 
coordinate operators then and [Q"',Q^] must be maximally quadratic in the momenta 
in order for the Sp(2)-antibrackets to strictly satisfy the Jacobi identities and Leibniz' 
rule. 



In the considered applications of the quantum Sp(2)-antibrackets ( |7.1| ) to the Sp(2)- 
version of the BV-quantization and to the Sp(2)-version of BFV-BRST quantization the 
two odd operators were required to satisfy 
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The appearance of two nilpotent defining operators is natural since the Sp(2)-versions are 
directly related to the so called BRST-antiBRST quantization |]l^]. In the Sp(2)-version 
of BV-quantization we have to consider commuting operators which are functions of a 
maximal commuting set of coordinate operators. The operators Q"^ are then maximally 
quadratic in the momenta so that the quantum Sp(2)-antibrackets are ordinary ones. In 
the Schrodinger representation are then equal to the two nilpotent differential opera- 
tors, A°, exactly like Q was represented by A in section 5. The quantum master equations 
are here 

Q«|W) = 0, a = 1,2. (7.7) 

In ||6| this formalism was shown to provide for an operator version of the Sp(2)-extended 
BV-quantization corresponding to the what we had in section 5 for the ordinary BV- 
quantization. For instance, the master equations and the gauge fixed partition function in 
triplectic quantization were shown to follow from (^^) in analogy to what we had in sec- 
tion 5. The quantum master equations for generalized quantum Maurer-Cartan equations 
for arbitrary open groups given in section 6 were also shown to be possible to formulate 
in terms of the Sp(2)-brackets ( ^j] ) in |^]. 
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Appendix A 

Application of the quantum master equation to quasigroup first rank theo- 
ries. 

As an illustration of the formulas in subsection 6.2 we consider now constraint operators 
9a forming a rank one theory in which case we have (we consider CP-ordered operators 
here) 

n = c^e'a + \&c'^u:^,v,{-ir+'\ e',^9a + Uwl,{-iY\ (a.i) 

The nilpotence of $7 requires 

{ihUiUl,+ [Ul,,e[]{-lf^'^) {-ir^'^ + cyde{a,b,c) = 0, 

(-1)^"-^ ([C/,^„C//J(-1)^^(^=+^^) - [C/f„C/,^,](-l)-/(^^+^^)+-^-/) +cyde(a,6,c) = 0. 

(A.2) 

The last conditions are certainly satisfied if 

[Kb, ui] = 0, m, u'ab], u!A = 0, (A.3) 
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which corresponds to quasigroups [|15[. In this case Qa niay be chosen to be 

na{<P) = X'aim, A^(0) = <5^ (A.4) 

where we assume that 

[AtAf] = o ^ [^^a,^^fe] = o. (a.5) 

The quantum Q-antibracket is then given by 

-in (xiC^[Ulf,Xt\{-lf'^^'^+^^ - A^C^[C/,=pAf](-l)^"(==+i)+^«^'') VdVc - 

-hzfC^WU^f, Xt\, A9]PgP^p^(-i)^-+^/+{^«+i)(^i'+^-+^<^)+{^''+i)(^^+i). (A.6) 
If we also require 

= 4^ [{^aA)n,^c]=^, (A.7) 

then (17^,^1;,)^ in ( [A. 61 ) satisfies the Jacobi identities which makes (6.17) integrable if 
^ab = 0. This condition is satisfied if we impose 

[A^,[/JJ=0, [A^,[A^,0e]]=O. (A.8) 

Eq.( |6.17| ) may now be written as 

doK - dbXli-lf^'" = XlXiU^^{-lf^^'^+^^+'^+'\ (A.9) 

where A^ = VX^V^"^ and C/^^ = VU^^y^^ where in turn the operator V{(f)) is determined 
by the equation 

ifidaV = VX%{-iy^. (A.IO) 



Eq.( [A.7] ) and 0^6 = make all higher integrability conditions identically zero. One may 
note that 

+xlc<'mM-ir'^+'^ + {ihy^c^e,, xi]v,. (a.ii) 
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